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1 Introduction

Precautionary savings is the portion of savings that is induced by risk over future endowments,
income, or consumption. Precautionary savings are positively correlated with the variance of the
stochastic processes that determine the resources available to an agent, holding fixed their mean.
The strength of the precautionary savings motive is determined by the curvature of the marginal
utility curve. If the marginal utility is convex (and thus “steep” at low values of consumption),
the agent is strongly incentivized to accumulate assets in order to avoid periods in which the
agent’s state of available assets and present realization of endowments can afford only a small
consumption. The precautionary savings motive in consumption-savings models has been known
since Leland (1968). Understanding the strength of the precautionary savings motive was advanced
by Kimball (1990), who formalized the concept by introducing the coefficients of “absolute prudence”
(AP) and “relative prudence” (RP), which he defined as:
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These coefficients of “prudence,” analogous to the Arrow-Pratt coefficients of absolute and
relative risk aversion,! provide an index to judge the strength of prudence across agents or classes
of preferences. Holding the level of consumption fixed, the precautionary savings motive is strictly
increasing in the coefficients of absolute and relative prudence. When absolute and relative prudence

equal zero, an agent has no precautionary savings motive.

*. Email: michael.kotrous@uga.edu
1. For discussion on how prudence and risk aversion are related and distinguished, see Section 2.
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Figure 1: The Role of Prudence in Determining Optimal Consumption

Asis clear from the definitions above, prudence is determined by the convexity of the marginal
utility curve (i.e., a positive third derivative of the utility function). Figure 1 demonstrates how the
convexity of the marginal utility function affects the strength of the precautionary savings motive
with a stylized example. Suppose there are two possible states of consumption in the next period
t+1,cfl, and ¢}, with ¢ff; > ¢}, |. Assume that the probability of high consumption is given
by p € (0,1). Define ¢,41 = pcfl; + (1 — p)cl,, which equals the expected value of next period’s
consumption.

In Figure 1a, we assume the agent has preferences represented by a utility function u(c) that is
strictly concave (i.e., u”(¢) < 0) and has strictly convex marginal utility (i.e., v"/(¢) > 0). Thus,
the coefficients of absolute and relative prudence are strictly positive. The marginal utility of
consumption at the expected value of consumption, u(¢;+1), falls along the marginal utility curve

between «/(c/t) and v/(cf, ;). Meanwhile, the mean marginal utility of consumption falls on a

chord between u/(cf’ ;) and v/(cf,). The exact position of the expected marginal utility along
the chord depends on p. Convexity of marginal utility ensures that the expected marginal utility
of consumption exceeds the marginal utility of consumption evaluated at the expected value of

consumption. That is,

pul(cﬂl) + (1 - p)u,(CtL+1) > [pcg-l + (1 - p)CtL—&—l]
B [v/ (ciq1)] > v/ (Gs1) 1)

This property of convex functions is an application of Jensen’s inequality.
To determine how the precautionary savings motive affects the agent’s optimal choice of consumption

and savings, consider the Euler equation that characterizes the intertemporal trade-off between
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present and future consumption. Assume that the agent discounts the utility of future consumption
according to the discount factor g, receives a gross return R on savings, and, to simplify the

analysis, SR = 1.2 The Euler equation is given by:

u'(c}) = Eefu'(cfyy)] (2)
= pu'(cfiy) + (1= p)u' ()
> o [pefly + (1= p)efyy]

= /' (¢r41)

where the strict inequality follows by (1). In Figure la, we identify the optimal consumption by
finding the point along the consumption axis that equates the marginal utility of present consumption
to the expected value of marginal utility of future consumption. This level of consumption is
denoted in the diagram as ¢}.

By (2), u/(¢f) > u/(¢i4+1). Thus, the marginal utility of optimal present consumption exceeds
the marginal utility of consuming expected future consumption. Because marginal utility is strictly
decreasing, this implies that present consumption is lower when (i) the agent has preferences
with convex marginal utility and (ii) faces variance in endowments that makes their consumption
risky. The additional saving that results from this decrease in present consumption is what we call
precautionary savings. The amount of savings that is precautionary equals the distance between
¢t+1 and ¢f in Figure 1a.

Figure 1b demonstrates how precautionary savings disappears in the absence of prudence.
When an agent has preferences that are represented by a utility function that admits linear marginal
utility,® the coefficients of relative and absolute prudence equal zero. When identifying the level
of consumption that satisfies the Euler equation in (2), it is immediately clear that this point
corresponds exactly with the expected value of future consumption.

Let u/(¢;a,b) = a — be, with b > 0 and a sufficiently large so that u/(c; a, b) > 0 for all feasible c.
Plugging this into the Euler, we have

u'(c};a,b) = Eifa — begyq]
= a— bEt[Ct—i-l]
=a — by

= U,/(Et_t,_l; a, b)

Notice that the assumed marginal utility function is strictly decreasing in consumption. Thus,

2. The simplifying assumption SR = 1 eliminates the deterministic consumption-tilting motive and isolates the
precautionary savings channel. The logic of the argument does not depend on this normalization.
3. See Section 2.2 on the class of quadratic utility functions.
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¢; = ¢+1. The agent’s optimal present consumption equals the expected value of their future
consumption. The precautionary savings seen in Figure 1a disappears when the convexity of the

marginal utility curve is eliminated.

2 Prudence vs. Risk Aversion

Distinguishing savings attributable to prudence (or precaution) from savings attributable to risk
aversion is conceptually subtle, and separately identifying these motives empirically is difficult.

Kimball (1990) provides a concise statement of the distinction:

The term “prudence” is meant to suggest the propensity to prepare and forearm oneself in
the face of uncertainty, in contrast to “risk aversion,” which is how much one dislikes uncertainty
and would turn away from uncertainty if possible (54).

Distinguishing prudence from risk aversion does not imply that they are not related; in fact, it
is common that the economic primitives of preferences affect both the strength of risk aversion
and prudence. The relationship is apparent from the mathematical definitions of the coefficients

of relative and absolute prudence and risk aversion:

AP(c) = —ulf:'('c()c) RP(c) = ‘5/"(’6()0) X e
ARA(c) = —u@f'('é)c) RRA(c) == —uqf’('c()c) X e

Risk aversion and prudence are both affected by the curvature of the utility function. Toillustrate
the relationship between prudence and risk aversion, the following subsections consider classes

of preferences often used in economic modeling.

2.1 CRRA Preferences

The class of Constant Relative Risk Aversion (CRRA) preferences is characterized, as the name
suggests, by a constant coefficient of relative risk aversion, denoted by o

1—0_1

3)

u(c; o) = o

where o > 0 and o # 1. For the special case that o = 1, the preferences are represented by the

natural log:

u(c) = log(c)
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First, compute all the necessary derivatives:

After plugging the derivatives into the definitions above, and simplifying, we find

AP(c;o) = o+l RP(c;0) =0 +1

C

ARA(c;0) = g RRA(c;0) = o
c

When modeling preferences with the CRRA form, the calibrated (or estimated) coefficient
of relative risk aversion immediately pins down prudence. Agents with high risk aversion have
strong precautionary savings motives. This tight linkage is a special feature of CRRA preferences

and need not hold more generally.

2.2 Quadratic Preferences

The class of quadratic preferences is commonly used due to the fact that it gives rise to a linear

marginal utility function, which is analytically convenient.

(4)

with b > 0 and a sufficiently large so that ¢ < ¢ for all feasible levels of consumption.* The first

three derivatives of quadratic utility are

u'(c;a,b) = a— be
u’(c;a,b) = —b
" (c;a,b) = 0

Thus, the coefficients of prudence and risk aversion are

AP(c;a,b) = 0 RP(c;a,b) =0

b b

ARA(c;a,b) = RRA(c;a,b) =

X c

a— be a— be

An agent with quadratic preferences exhibits risk aversion; they have a positive willingness to

4. A common parameterization of quadratic preferences is u(c;a = 0,b = 1) = —%(c — ¢)?, where ¢ is sufficiently
large to ensure that utility is strictly increasing for all feasible c.
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pay to eliminate risk from endowments. However, this agent is not prudent and does not have a

precautionary savings motive.

2.3 A Technical Note on Identification

A close reader may look at Figure 1 and wonder if the change in savings is attributable only to
the precautionary motive. Does changing the curvature of marginal utility not also affect the
curvature of utility? Indeed, in this example, it does; the change in parameters across panels
la and 1b that is required to change the convexity of the marginal utility curve also changes the
concavity of the utility function. Thus, relative risk aversion is not globally identical across levels
of consumption. However, in this stylized example, relative risk aversion is locally identical in the
neighborhood of ¢,;; in the sense that both the level and slope of marginal utility coincide at the
expected value of consumption.
To make this point concrete, the diagram in Figure 1a is generated with the following calibration

of CRRA preferences:

—0.1_1
u(c;o=1.1) = — 01

and the diagram in Figure 1b is generated with the following calibration of the quadratic preference:
u(c;a = 0.98,b = 0.26) = 0.98 x ¢ — 0.13 x ¢

Further, the stochastic consumption process is calibrated by ¢/, ; = 0.5, ¢/}, = 3.5,andp = 0.5,

implying ¢;1 = 2. When the relative risk aversion is evaluated at 2, we have

RRA(¢t41;0=1.1)=1.1
0.26 x 2

1.1

Thus, within the neighborhood of 2, the savings attributable to the dislike of uncertainty is held
fixed. Thus, the difference in optimal consumptions in Figures la and 1b can be attributed to

changes in the precautionary motive.

3 Precautionary Savings & Mean-Preserving Spreads

As defined by Kimball (1990), precautionary savings is affected by risk in future endowments,
whereas risk aversion is determined by the agent’s willingness to avoid contemporary uncertainty.
Thatis, a risk averse agent strictly prefers consuming the expected value of a lottery with certainty
to facing the lottery; equivalently, there exists a strictly lower level of consumption, called the

certainty equivalent, that the agent can consume with certainty and be just as well off. A way
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Figure 2: Precautionary Savings under Mean-Preserving Spreads

to illustrate how precautionary savings operates distinctly from risk aversion is to consider how
savings choices change under mean-preserving spreads in the endowment process.

Figure 2 shows how optimal consumption differs across two stochastic consumption processes,
which differ only in variance and not in the expected value of consumption. Each row assumes
a different class of preferences, both of which exhibit risk aversion. Yet, we see that changes in
savings behavior under mean-preserving spreads differs across CRRA and quadratic preference
due to differences in prudence.

The top row of Figure 2 shows how the magnitude of precautionary savings differs for the
high- and low-variance consumption processes when the agent has preferences represented by
a utility function with strictly convex marginal utility. Despite the fact that the expected value of
the consumption lottery stays the same, the expected marginal utility of consumption is greatly
reduced when the variance of the consumption process is decreased. In order for the Euler equation

in 2to hold, the optimal present consumption must increase, and the optimal savings must decrease.
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The bottom row of Figure 2 shows how consumption and savings differs for agents with quadratic
preferences. The optimal consumption remains equal to the expected value of future consumption.
This property is known as certainty equivalence. Under quadratic preferences, changing the
variance of the consumption process does not change the expected marginal utility of consumption,
which is due to the fact that the agent’s marginal utility is linear. Only changes in the expected

value of stochastic endowments shift optimal consumption-savings decisions.
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